Oscillation of certain functional differential equations  by Grace, S.R.
Pergamon 
Computers Math. Applic. Vol. 27, No. 4, pp. 91-98, 1994 
Printed in Great Britain. All rights reserved 
0898-1221/94 $6.00 + 0.00 
089%1221(93)EOO13-V 
Copyright@1994 Elsevier Science Ltd 
Oscillation of Certain Functional 
Differential Equations 
S. R. GRACE 
Department of Engineering Mathematics, Faculty of Engineering 
Cairo University, Orman, Giza 12000, A.R. of Egypt 
(Received and accepted January 1993) 
Abstract-some new criteria for the oscillation of the functional differential equation 
d2x(t) dz(t - h) 
- + P(t) 7 
dtz 
= q(t) dx(“dT hl) + ff(t, x(g(t))) 
are presented. 
1. INTRODUCTION 
Consider the functional differential equation 
Z(t) + p(t) ?(t - h) = q(t) 5(t - hl) + H(t, x(9(t))), 
( > 
. = f , (E) 
where p, q : [to, co) -+ [O, m), 9 : [to,m) --+ R = (-co, co), and H : [to,co) x R + R are 
continuous, h and hl are nonnegative real numbers, and g(t) -+ co as t -+ 00. We assume that: 
hlh, 
on[tl+h-hl,oo) foranytl>to, p(t) > q(t + hl - h), 
p(t) # q(t + hl - h), 
and for t > to, (h - hl)q(t) I 1. 
The oscillatory and asymptotic behavior of functional differential equations of type (E) with 
p(t) = q(t) = 0 for t 2 to, namely 
26(t) =qt, z(g(t))), CEO) 
and other related equations of higher order have been intensively studied by many authors. For 
recent contributions to this study, we refer to the papers by Kitamura [l], Kusano [2], Philos [3], 
Sficas and Staikos [4], and the references cited therein. 
For the special case of equation (Eo), namely 
z(t) = Q(t)Iz(g(t))lmsignz(g(t)), m > 0, @*I 
where Q : [to, 00) + (0,~) is continuous, it is shown in [1,2] that there exists a class of equa- 
tions (E*) when m = 1 and the argument g is of mixed type, for which the oscillation situation 
is completely characterized. It seems that there is no “complete” criteria for the oscillation of 
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equation (E*) when m # 1 and g is not a mixed type argument. Therefore, the purpose of 
this paper is to introduce the damping terms with different deviating arguments, and establish 
some new criteria for the oscillation of every solution (or its first derivative) of equation (E). The 
oscillatory behavior of all solutions of equation (E) is also presented, provided that q(t) = 0 for 
t 2 to. 
We note that the results of this paper are independent of those in [5-71 and fail to apply to 
equations of type (E 0 or (E*). Therefore, one can see that the presence of damping terms in ) 
equation (E) generate or maintain oscillations. 
Throughout the paper, we restrict our attention to the solutions of equation (E) which exist on 
some ray [to, co), where to L 0 may depend on the particular choice of a solution. Such a solution 
is said to be oscillatory if it has arbitrarily large zeros, otherwise it is called nonoscillatory. 
Equation (E) is said to have “Property A” (respectively, “Property B”) if, for every solution x 
(respectively, every bounded solution x) of equation (E), either z or k is oscillatory. Also, 
equation (E) is called oscillatory if all its solutions are oscillatory. 
2. MAIN RESULTS 
We need the following lemma due to Ladas and Qian [8]. 
LEMMA. Let condition (1) hold and assume that either 
litm &f 
- s 
t 
t-h 
(p(s) - q(s + hl - h))ds > ;, 
lim sup 
s 
t (p(s) - q(s + hl - h)) ds > I 
t-+cxI t-h 
(2) 
(3) 
is satisfied. Then the inequality 
?j(t) + p(t) g(t - h) - q(t) Y(t - h) 2 0 
has no eventually negative solutions. 
For any T 2 to and t 2 T, we let 
WTI = exp (lp(u)du) . 
It is easy to check that 
I+, T] = qt, s] P[s, T] for t 1 s > T. (*) 
THEOREM 1. Let conditions (1) and either (2) or (3) hold and suppose that yj(t) 2 0 for 
t L to, x H(t, z) > 0, x # 0, and H is increasing in x. If, for every c > 0 and T 1 to 
t+m T T 
-duds = co, 
m, 4 
t 
lim JJ ’ H(u, c) (4) 
then equation (E) has Property B. 
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PROOF. Let z(t) be B bounded and nonoscillatory solution of equation (E), say x(t) > 0 and 
x(g(t)) > 0 for t 2 to. Next, we consider the following two cases according to the behavior of i: 
CASE 1. Let k(t) < 0, t 2 tl for some tl 2 to. Thus, 
2(t) + p(t) 3qt - h) - q(t) qt - hl) 1 0, for t 2 t1. 
Set y(t) = k(t), t 2 tl; we get 
9(t) + p(t) y(t - h) - q(t) Y(t - h) 2 0. 
But, by the previous Lemma, any of the conditions (2) or (3) implies that the last inequality 
cannot have an eventually negative solution. This is a contradiction. 
CASE 2. Suppose that k(t) > 0 for t 2 tl, for some tl 2 to. There exist a t2 2 tl and positive 
constants cl and cs such that 
0 < cl < x(g(t)) and 0 < z(t) < ~2, for t 2 t2. (5) 
Integrating equation (E) from t2 to t and using (5), we obtain 
t t k(t) - k(tz) + p(t) z(t - h) - p(t2) z(t2 - hl) - J @(s) Ic(s - h) ds 2 J H(s, cl) ds, h t2 
or 
J 
t 2(t) +p(t) z(t- h) L H(s, cl)ds. 
t2 
Since x is increasing on [tz, co), we have 
J 
t k(t) + p(t) z(t) 2 H(s, cl) ds, or f (P[t, tzl x(t)) > P[t, tsl 12t H(s, cl) ds. (6) 
t2 
Integrating this inequality from t2 to t and using (*), we obtain 
x(t) L JJ ,: t; (P[t, s])-’ H(u,cl) duds + 00 as t+co, 
a contradiction. This completes the proof. I 
THEOREM 2. Let condition (4) of Theorem 1 be replaced by: if, for every positive constant c 
and C, 
Jrn [(l;qu,c)du) -Cp(s)]ds=m, (7) 
then the conclusion of Theorem 1 holds. 
PROOF. Let x(t) be a bounded and nonoscillatory solution of equation (E), say x(t) > 0 and 
x(g(t)) > 0, for t 2 t 0. Proceeding as in the proof of Theorem 1, we obtain (5) and (6). Now, 
using (5) in (6)) we get 
J 
t i(t) 1 Ws, cl) ds - ~2 p(t), for t I t2. 
t2 
Integrating the above inequality from t2 to t and using equation (7), we obtain the desired 
contradiction. I 
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The following example is illustrative. 
EXAMPLE 1. Consider the functional differential equation 
Z(t) + eah k(t - hl) = eahl i(t - hl) + z(t), t L 0, (El, a) 
where a = fl, h and hl are positive real numbers. Now we conclude the following: 
(i) When a = 1, h > hl, (h - hl) eh 5 1 and (eh - ehl) h > l/e, all conditions of Theorems 1 
and 2 are satisfied, and hence equation (El, 1) has Property B. We note that equation 
(El, 1) has an unbounded nonoscillatory solution z(t) = et. 
(ii) When a = -1 and h > hl, all conditions of Theorems 1 and 2 are satisfied except those 
on the functions p and Q. Equation (El, -1) admits a bounded nonoscillatory solution 
z(t) = eet. 
The following result is concerned with oscillatory behavior of all bounded solutions of equa- 
tion (E), when q(t) = 0 for t 2 to, i.e., 
2(t) + p(t) qt - h) = fqt, +m)). (E’) 
THEOREM 3. If all conditions of Theorems 1 and 2 are satisfied with q(t) = 0 for t > to, then 
every bounded solution of equation (E’) is oscillatory. 
PROOF. Let z(t) be a bounded nonoscillatory solution of equation (E’), say z(t) > 0 and 
z(g(t)) > 0, for t 2 to. Now, we claim that i(t) is of the same sign for all large t. To prove it, 
suppose that S(t) is oscillatory for t 2 t1, for some tl > to. There exists a t2 2 tl such that 
k(tz -h) = 0. From equation (E’), we get Z(tz) > 0, which implies that k(t) cannot have another 
zero after it vanishes once. Thus k(t) is of constant sign for all t 2 t2. The rest of the proof for 
the cases k(t) > 0, and k(t) < 0 for t 2 t 2, is similar to that of Theorems 1 and 2 and, hence, is 
omitted. I 
The following example illustrates Theorem 3. 
EXAMPLE 2. Consider the differential equation 
ii(t) + eh i(t - h) = 2etpmgct) (1+(90)~‘“) signddt)), t 2 0, (Ed 
where m and h are positive real numbers, g E C [[t 0, co), R] and tlimmg(t) = 00. All conditions + 
of Theorem 3 are satisfied if heh > l/e and t > mg(t), and hence every bounded solution of 
equation (E2) is oscillatory. We note that equation (E2) h as an unbounded nonoscillatory solution 
z(t) = et. 
In the following results, we assume the following: 
There exists a real number m 2 1 and Q E C [[to, w), [0, w)] , 
such that H(t, x) signa: 1 Q(t) (Ix[-), for z # 0 and t 1 to. (8) 
NOW, for T 2 to and t 2 T, we let 
&[t,u] = Yt (P[s,T])'-%, s fort>u>Tandm>l, and 
B&44 = sU (P[u, s])-1 ds, for u > w 2 t. 
2) 
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Also, we put 
and as in [l], we let 
g*(t) = min{max{s,g(s)} : s 1 t}. 
Note that the following inequality holds: 
9*(t) L 9(s), for i! < s < g*(t). (9) 
Now, we prove the following results. 
THEOREM 4. Let conditions (l), ((2) or (3)), and (8) hold, and assume that m > 1 and@(t) 1 0, 
for t 1 to. I< for all large T with t 1 T 
J U(s), 4 Q(s) ds = 00, (10) 
47 
then equation (E) has Property A. 
PROOF. Let z(t) be a nonoscillatory solution of equation (E), say, z(t) > 0 and z(g(t)) > 0, for 
t 2 to. As in the proof of Theorem 1, we consider two cases: 3(t) I 0 and k(t) > 0, for t 2 tl for 
some tl 2 to. The proof of the first case is similar to that 
omitted. 
of Theorem 1 (Case l), and hence is 
Next, we consider the case k(t) > 0 for t 1 tl, and tl is 
tl to s, s 2 tl, and using condition (8), we get 
large. Integrating equation (E) from 
rs rs 
i(s) - gtl) + I p(u) iz(u - h) du L t1 J Q(u) (4gW)m du t1 
or 
J 
3 k(s) + p(s) z(s -h) L k(h) + p(t1) z(t1 - h) + p(u) x(u - h) du + J ’ Q(u) (4W))” dw t1 t1 
Using #(s) 2 0 for t 2 to, and the fact that 2 is increasing on [tl , cm), we get 
k(s) + P(S) z(s) 2 J ’ Q(u) (4d~>>)” du, or 
$ (P[s, td44) 1 i;s, hll; Q(u) (++-4))” dw 
Dividing the above inequality by (P[s, tl] CC(S))~, we have 
g (Ph hl4s)) 
(P[s,hl +))m 2 J ’ (P[s,t#-*Q(u) m du. t1 (11) 
Choose a t2 2 tl, and define t3 by 
t3 = msx{t2,max{g(t) : t3 5 t 5 t2)). 
96 
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J 
P[t3,tll z(k) 
W -“dw > 
4tl) 
J“ J’ (P[s,t~]))‘-mQ(u) (q)m dsdu 
t1 t1 
ts t3 
= JJ t1 u (P[s,t#-mQ(u) 9 m duds ( > s(u) 2 JJ zL (WII)~-~Q(~ (v)m 
A,n[tl &I 
where w = P[s, tl] z(s). Since 
for tl 5 s 5 g(t) and t 2 t2, 
we obtain 
J 
P[t3*tll4t3) 
W -“dw 2 J h[g(u),4 Q(u)& 4t11 A,n[tl ,tz] 
which implies that 
J &[g(u),u]Q(u)du I Jrn w-mdw <co. -%n[h,m) 4tl) 
This contradicts condition (lo), and hence the proof is complete. 
THEOREM 5. Let conditions (l), ((2) or (3)), and (8) hold and suppose that m = 
fort > to. If, for all large t with g*(t) > t S*(t) 
lim sup J &[g*(G, 4 Q(u) du > 1, t-co t 
then equation (E) has Property A. 
duds, 
I 
1 and@(t) 2 0, 
(12) 
PROOF. Let z(t) be a nonoscillatory solution of equation (E). Assume z(t) > 0 and s(g(t)) > 0, 
for t 2 0. Next, we consider the two cases k(t) 5 0 and k(t) > 0, for all t 1 tl 2 to and tl is 
sufficiently large. The proof of the first case is similar to that of Theorem 1 (Case 1) and hence is 
omitted. Now we assume that i(t) > 0 for t > t 1. Integrating equation (E) from t to s, s > t 2 tl 
and using condition (8), we have 
J 
.9 k(s) -k(t) +p(s)z(s - h) -p(t)z(t - h) L @(u)z(u - h) du + J 'Q(u) 4du)) dw t t 
Using P(t) > 0 for t 2 to and the fact that z(t) is increasing on [tl, cm), we obtain 
$ (P[s, hl44) 2 Pb, hl ls Q(u) 4du)) dw 
Integrating the above inequality from t to g*(t), for t < s < g*(t), we get g'(t) s qg*w, hl4g*(4) - m hl s(t) 2 J J P[s,~I Q(u) h(u)) duds, t t 
or 
g’(t) 
J (J 
g’(t) 
a*(Q) 2 (P[gV), 4)-l ds Q(u)Wu)) du 
t 
~ 
J 
g'(t) = W*(% 4 Q(u) 4d~)) du. 
t 
Now, using (9) for t < u < g*(t), we have g(u) 1 g*(t) and hence z(g(u)) L z(g*(t)). Thus, 
1 > J;‘(t) &W(t), 4 Q(u) c-h. Th is contradicts condition (12), and the proof of the theorem is 
complete. I 
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As in Theorem 3, one can easily obtain the following criterion for the oscillation of equation (E’). 
THEOREM 6. Suppose that afl conditions of Theorems 4 or 5 are satisfied with q(t) = 0 for t > to, 
then equation (E’) is 5sciflat5ry. 
To illustrate our previous results, we consider the following example. 
EXAMPLE 3. Consider the functional differential equation 
Z(t) + cl k(t - h) = c2 z(t - hi) + Q(t) (z(g(t))lm sign&(t)), t > 0, (E3) 
where m 2: 1, cl, ~3, h, and hi are nonnegative real numbers, Q E C[(O, oo), (O,oo)], g E 
C(0, 00)~ RI, and g(t) + co as t ---t 00. One can easily conclude the following: 
6) 
(ii) 
Let cl = eh, c2 = ehl, and Q(t) = et-mg(t), and assume that h > hl, (h - hl) eh 5 1 
and (eh - ehl) h > l/e. Equation (E3) has a nonoscillatory solution z(t) = et. Only 
condition (10) of Theorem 4, or condition (12) of Theorem 5 is violated. 
Let Q(t) = ecl(m-l)t, g(t) = t + sint, h > hl, and cl and c2 are positive constants such 
that (h - hl) 5 1 and ( cl - cs) h > l/e. Now, if m > 1, we get 
Bi [g(t), t] = e-C’(t-T) (c*)-l [I _ e-m* sint] for all large T with t 1 T > 0, 
where c* = cl (m - 1). Since g is of mixed type, we have 
A, = fi (2nn, (2n + 1) 7r). 
n=O 
Thus, 
J Bl[g(u), u] Q(u) du = ec*T cc*)-l 2 J”‘“‘^ (I- e-m’Sint) du + o. m n + 00. 47 n=l 2n.s 
All conditions of Theorem 4 are satisfied, and hence equation (E3) has Property A. Next, 
we let Q(t) = 1 and g(t) = 2t and assume that cl, ~3, d, and hl satisfy the above conditions. 
Ifm=l,weget 
B2[g(t),u] = (cl)-’ [1 - ecl(u--Pt)] , and 
J f2t B2[2t,u] Q(zl)du = (ci)-l t - (cl)-I (1 - e-‘lt). 
(iii) 
(iv) 
It is easy to check that all hypotheses of Theorem 5 are satisfied, and hence equation (E3) 
has Property A. 
Let cl > 0 and c3 = 0 be such that cl he > 1. Now, for the cases: 
(a) g(t) = t + sint, Q(t) = ecl(m-l)t, and m > 1, or 
(b) g(t) = 2t, Q(t) = 1, and m = 1, 
and as in (ii) above, equation (E3) is oscillatory by Theorem 6. 
Let cl = c2 = 0, and assume that the functions g and Q and the constant m are as in (a) or 
(b) (above). In this case, we note that equation (E3) is oscillatory or else. Therefore, one 
can conclude that the presence of the middle term “cl k(t-h) and c3 = 0” in equation (E3) 
either generates or maintains oscillation. 
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3. SOME GENERAL REMARKS 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
1. The results of this paper are not applicable to equations of type (E), with p(t) = q(t) = 0 
for t 2 to. Therefore, the presence of the middle term may generate oscillations (see 
Example 3, (iv)), or may preserve oscillations as in the equation 
Z(t)+p?(t-h)=z(t+sint), phe > 1 and t > 0. 
Here, we note that the undamped equation 
Z(t) = z (t + sin t) 
is oscillatory by results in [ 1,2]. 
2. In Theorems 1-3, we impose no restriction on the function 
applicable to equations of type (E) with general deviating 
g, and hence these results are 
arguments. Also, we see that 
Theorems 4-6 fail to apply to retarded or sublinear equations of type (E), i.e., g(t) < t or 
m < 1. 
3. If g(t) is an advance argument, i.e., g(t) > t and g(t) is an increasing function on [to, oo), 
the condition (10) of Theorem 4 or condition (12) of Theorem 5 takes the form 
s g(t) lim t-boo t &[g(s), 4 Q(s) ds = 03, or 
s 
g(t) 
lim sup &[g(t), 1~1 Q(u) du. > 1, 
t-too t 
(10’) 
(12’) 
respectively. 
4. From Theorems 3 and 6, it is shown that there exists a class of nonlinear equations of 
type (E) with q(t) = 0 for t > t 0, for which the oscillation situation can be completely 
characterised. No such characterisation results are known for equation (E’). 
5. It is interesting to obtain results similar to Theorems 3 and 6 for equation (E), with either 
(p(t) # 0 and q(t) # 0) or (p(t) = 0 and q(t) # 0). Also, to present criteria similar to 
Theorems 4-6 for equation (E), with m < 1 or g(t) < t. 
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